On Bach flat warped product Einstein manifolds by Chen, Qiang & He, Chenxu
ar
X
iv
:1
10
5.
39
57
v2
  [
ma
th.
DG
]  
15
 Se
p 2
01
1
ON BACH FLAT WARPED PRODUCT EINSTEIN MANIFOLDS
QIANG CHEN AND CHENXU HE
Abstract. In this paper we show that a compact warped product Einstein manifold with vanishing
Bach tensor of dimension n ≥ 4 is either Einstein or a finite quotient of a warped product with
(n− 1)-dimensional Einstein fiber. The fiber has constant curvature if n = 4.
1. Introduction
A (λ, n+m)-Einstein manifold (Mn, g, f) is a complete Riemannian manifold with a smooth
function f which satisfies the following (λ, n +m)-Einstein equation:
(1.1) Ricmf = Ric + Hessf −
1
m
df ⊗ df = λg.
When m is a positive integer, (λ, n+m)-Einstein metrics are exactly those n-dimensional manifolds
which are the base of an n+m dimensional Einstein warped product, i.e., (M ×Fm, g+ e−2f/mgF )
is an Einstein manifold with Einstein constant λ where (Fm, gF ) is another Einstein manifold, see
[Be].
Ricmf in equation (1.1) is also called the m-Bakry Emery tensor. Lower bounds on this tensor are
related to various comparison theorems for the measure e−fdvolg, see for example Part II of [Vi],
[WW] and the references therein. From these comparison theorems, the (λ, n+m)-Einstein equation
is the natural Einstein condition of having constantm-Bakry-Emery Ricci tensor. (λ, n+1)-Einstein
metrics are more commonly called static metrics and such metrics have been extensively studied
for their connections to scalar curvature, the positive mass theorem and general relativity. We do
not consider these metrics here and we assume m 6= 1 throughout this paper. Taking m→∞, one
also obtains the gradient Ricci soliton equation
Ric + Hessf = λg.
We could then also call a gradient Ricci soliton a (λ,∞)-Einstein manifold. Ricci solitons have
been studied because of their connection to Ricci flow and that they are natural generalization of
Einstein manifolds. We refer to the survey paper[Ca] and references therein for recent progress on
this subject.
In a series of papers with P. Petersen and W. Wylie, the second author studied warped product
Einstein manifolds under various curvature and symmetry conditions, see [HPW1, HPW2, HPW3].
Many interesting results on gradient Ricci solitons are also obtained on warped product Einstein
manifolds. However we also found some nontrivial examples, i.e., not Einstein or product of them,
on homogeneous spaces in [HPW2]. Those examples are in stark contrast to the gradient Ricci
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soliton case, where all homogeneous gradient Ricci solitons are Einstein or product of Einstein
manifolds.
In this paper we consider an interesting class of complete warped product Einstein manifolds:
those with vanishing Bach tensor. This well-known tensor was first introduced by R. Bach in [Ba]
to study conformal relativity in early 1920s’. On any Riemannian manifold (Mn, g)(n ≥ 4) the
Bach tensor is defined by
B(X,Y ) =
1
n− 3
(∇2Ei,EjW )(X,Ei, Ej , Y ) +
1
n− 2
Ric(Ei, Ej)W (X,Ei, Ej , Y ).
Here {Ei}
n
i=1 is an orthonormal frame, ∇
2
Ei,Ej
is the covariant derivative of tensors and W is the
Weyl curvature tensor. In the case when the manifold is Einstein or locally conformal flat, the Bach
tensor vanishes. The dimension 4 is most interesting since on any compact 4-manifold (M4, g), Bach
flat metrics are precisely the critical points of the following conformally invariant functional on the
space of metrics:
W(g) =
∫
M
|Wg|
2dvolg,
where Wg is the Weyl tensor of the metric g. Other than Einstein and locally conformally flat
metrics, there are two more classes of compact 4-manifolds with vanishing Bach tensor: metrics are
locally conformal to an Einstein one, and half conformally flat metrics (self-dual or anti-self-dual)
if M4 is orientable. The aim of this paper is to show that a stronger converse on warped product
Einstein metrics holds. The proof is motivated by a recent corresponding result on gradient Ricci
solitons in [CaCh2] proved by H.-D. Cao and the first author.
Theorem 1.1. Suppose (M4, g, f) is a compact (λ, 4 + m)-Einstein manifold with m 6= 0, 1 or
2 − n. We assume further that the Bach tensor B of M vanishes everywhere. Then M is locally
conformal flat.
Theorem 1.1 is a direct consequence of the following more general result combined with some
early results in [HPW1].
Theorem 1.2. Suppose (Mn, g, f)(n ≥ 4) is a compact (λ, n+m)-Einstein manifold with m 6= 0, 1
or 2 − n. We assume further that the Bach tensor B of M vanishes everywhere. Then M has
harmonic Weyl tensor and W (X,Y,Z,∇f) = 0 for any vector fields X, Y and Z.
Remark 1.3. Note that our Theorem 1.2 is analogous to Theorem 5.1 in [CaCh2].
Remark 1.4. In the case when m = 2− n, our argument breaks down since in one key identity, the
equation (3.1), some coefficient vanishes. On the other hand, it is observed in [CMMR] that in this
case a (λ, n+(2−n))-Einstein metric is globally conformal Einstein. In particular it has vanishing
Bach tensor when n = 4.
Remark 1.5. In [Bo¨], C. Bo¨hm constructed compact rotationally symmetric (λ, n + m)-Einstein
metrics on Sn for n = 3, 4, 5, 6, 7 which are not Einstein. This is in sharp contrast to the gradient
Ricci solitons. These examples also show that our conclusion in dimension 4 cannot be strengthened.
Remark 1.6. Theorem 1.1 was first obtained by G. Catino in [Cat] under a stronger assumption
that (M4, g) is half conformally flat.
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Ifm is positive then from the comparison theorems ofm-Bakry Emery tensor in [Qi], a (λ, n+m)-
Einstein manifold is compact if and only if λ > 0. Using Theorem 1.5 in [HPW1], the global classi-
fication of warped product Einstein manifolds with harmonic Weyl tensor and W (∇f, ·, ·,∇f) = 0,
Theorem 1.2 has the following
Corollary 1.7. Let m 6= 1 be a positive number. Suppose that (Mn, g, f)(n ≥ 4) is a simply-
connected (λ, n+m)-Einstein manifold with λ > 0 and has vanishing Bach tensor. Then (Mn, g, f)
is either
(1) Einstein with constant function f , or
(2) g = dt2 + ψ2(t)gL, f = f(t), where gL is Einstein with non-negative Ricci curvature, and
has constant curvature if n = 4.
Remark 1.8. In the proof of Theorem 1.5 in [HPW1] the authors made the assumption that m > 1.
In fact the whole argument carries over the case when 0 < m < 1.
The paper is organized as follows. In section 2 we recall definitions and basic properties of Bach,
Cotton, Weyl tensors and, the D-tensor defined in [CaCh1]. Note that in [CaCh1], the D-tensor is
denoted by B. Here B is referred to the Bach tensor. We also list some relevant properties of warped
product Einstein metrics. In section 3, we show how the D-tensor characterizes the geometry of
the level set of f , see Proposition 3.4. In section 4, we prove Theorem 1.1 and Theorem 1.2.
Acknowledgment: The authors would like to thank Huai-Dong Cao for enlightening conver-
sations and helpful suggestions.
2. Preliminaries
In this section we set up our notations and recall some well-known facts on warped product
Einstein manifolds. For more detail, see for example [HPW1] and references therein.
We use the convention that the Riemann curvature tensor R(X,Y, Y,X) has the same sign as
the sectional curvature of the 2-plane spanned by X and Y . For n ≥ 4 the Weyl curvature tensor
is defined as
R =W +
2
n− 2
Ric⊙ g −
scal
(n− 1)(n − 2)
g ⊙ g,
where, for two symmetric (0,2)-tensors s and r, we define the Kulkarni-Nomizu product s ⊙ r to
be the (0, 4)-tensor
(s ⊙ r)(X,Y,Z,W ) =
1
2
(r(X,W )s(Y,Z) + r(Y,Z)s(X,W )
−r(X,Z)s(Y,W )− r(Y,W )s(X,Z)) .
Recall that for any X,Y ∈ TM the Bach tensor B is the symmetric (0,2)-tensor defined by
(2.1) B(X,Y ) =
1
n− 3
∑
i,j
(∇2Ei,EjW )(X,Ei, Ej , Y ) +
1
n− 2
∑
i,j
Ric(Ei, Ej)W (X,Ei, Ej , Y ),
where {Ei}
n
i=1 is an orthonormal frame and ∇
2
Ei,Ej
W is the covariant derivative of the Weyl tensor.
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The Schouten tensor is the (0, 2)-tensor
S = Ric−
scal
2(n− 1)
g
and the Cotton tensor C is defined as
C(X,Y,Z) = (∇XS) (Y,Z)− (∇Y S) (X,Z), for any X,Y,Z ∈ TM.
Using the fact that (divR)(X,Y,Z) = (∇XRic)(Y,Z)− (∇Y Ric)(X,Z) we have
(2.2) C(X,Y,Z) = (divR)(X,Y,Z) −
1
2(n − 1)
((∇Xscal)g(Y,Z)− (∇Y scal)g(X,Z)) .
Definition 2.1. A Riemannian manifold (Mn, g) has harmonic Weyl tensor if the Cotton tensor
vanishes.
Remark 2.2. For n ≥ 4 the Cotton tensor is, up to a constant factor, the divergence of the Weyl
tensor:
(2.3) C(X,Y,Z) =
n− 2
n− 3
(divW )(X,Y,Z), for any X,Y,Z ∈ TM.
So we can rewrite the Bach tensor as
(2.4) B(X,Y ) =
1
n− 2

∑
i
(∇EiC)(Ei,X, Y ) +
∑
i,j
Ric(Ei, Ej)W (X,Ei, Ej , Y )


where {Ei}
n
i=1 is an orthonormal frame.
Remark 2.3. Note that if n = 3, W = 0 and then harmonic Weyl tensor is equivalent to (M3, g)
being locally conformal flat. If n ≥ 4 then M has harmonic Weyl tensor if and only if divW = 0,
and M is locally conformal flat if and only if W = 0.
On a (λ, n+m)-Einstein manifold (M,g, f) for any X,Y,Z ∈ TM we define the D-tensor, which
is identical to the one in [CaCh1] (and [CaCh2]) for Ricci solitons, as follows:
D(X,Y,Z) =
1
(n− 1)(n − 2)
(Ric(X,∇f)g(Y,Z) − Ric(Y,∇f)g(X,Z))
+
1
n− 2
(Ric(Y,Z)g(X,∇f) − Ric(X,Z)g(Y,∇f))(2.5)
−
scal
(n− 1)(n − 2)
(g(X,∇f)g(Y,Z) − g(Y,∇f)g(X,Z)) .
Note that both C and D tensors are skew-symmetric in their first two indices and trace-free in
any two indices:
C(X,Y,Z) = −C(Y,X,Z),
∑
i
C(Ei, Ei,X) =
∑
i
C(Ei,X,Ei) = 0;
and
D(X,Y,Z) = −D(Y,X,Z),
∑
i
D(Ei, Ei,X) =
∑
i
D(Ei,X,Ei) = 0.
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Next we recall some properties on warped product Einstein manifolds and the proofs can be
found in [HPW1]. The function ρ is defined by
scal = (n− 1)λ− (m− 1)ρ.
Note that a (λ, n+1)-Einstein manifold has constant scalar curvature (n−1)λ. The modified Ricci
and Riemann curvature tensors are defined by
P = Ric + ρg,
and
Q = R+
2
m
Ric⊙ g −
λ+ ρ
m
g ⊙ g
= R+
2
m
P ⊙ g +
ρ− λ
m
g ⊙ g.
Proposition 2.4. Suppose (M,g, f) is a (λ, n+m)-Einstein manifold with m 6= 1. Then we have
P (∇f) = −
m
2
∇ρ, or equivalently Ric(∇f) = −
m
2
∇ρ+ ρ∇f ;(2.6)
(divR) = Q(X,Y,Z,∇f) −
1
m
(g ⊙ g)(X,Y,Z, P (∇f)).(2.7)
The first equation (2.6) was proved in [CSW, (3.12)] and the second one (2.7) was shown in
[HPW1, Porposition 6.3].
3. The covariant 3-tensor D
In this section we extend some known results of the 3-tensor D from gradient Ricci solitons to
warped product Einstein manifolds. Since the (λ, n + m)-Einstein equation (1.1) contains extra
term − 1mdf⊗df we provide the calculations in detail though we essentially follow proofs in [CaCh1]
and [CaCh2].
On gradient Ricci solitons, theD tensor relates the Cotton tensor andWeyl tensor in the following
way, see [CaCh2, Lemma 3.1]:
C(X,Y,Z) = D(X,Y,Z) +W (X,Y,Z,∇f), for any X,Y,Z ∈ TM.
On warped product manifolds we have the similar relation for these three tensors.
Lemma 3.1. Suppose (Mn, g, f) is a (λ, n + m)-Einstein manifold, then the Cotton tenor C,
D-tensor and Weyl tensor W satisfy the following identity:
(3.1) C(X,Y,Z) =W (X,Y,Z,∇f) +
m+ n− 2
m
D(X,Y,Z), for any X,Y,Z ∈ TM.
Remark 3.2. The above identity has been observed by G. Catino in [Cat] when n = 4.
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Proof. From the formula (2.7) of divR, the definition of Q-tensor and the decomposition curvature
tensor R, we have
(divR)(X,Y,Z)
= Q(X,Y,Z,∇f) −
1
m
(g ⊙ g)(X,Y,Z, P (∇f))
= R(X,Y,Z,∇f) +
2
m
(Ric⊙ g)(X,Y,Z,∇f) −
λ+ ρ
m
(g ⊙ g)(X,Y,Z,∇f)
−
1
m
(g ⊙ g)(X,Y,Z, P (∇f))
= W (X,Y,Z,∇f)
+
2
n− 2
(Ric⊙ g)(X,Y,Z,∇f) −
(n− 1)λ− (m− 1)ρ
(n− 1)(n − 2)
(g ⊙ g)(X,Y,Z,∇f)
+
2
m
(Ric ⊙ g)(X,Y,Z,∇f) −
λ+ ρ
m
(g ⊙ g)(X,Y,Z,∇f) −
1
m
(g ⊙ g)(X,Y,Z, P (∇f))
= W (X,Y,Z,∇f)
−
1
m
(g ⊙ g)(X,Y,Z, P (∇f)) +
2(m+ n− 2)
m(n− 2)
(Ric⊙ g)(X,Y,Z,∇f)
−
(n− 1)(m+ n− 2)λ+ ((n − 1)(n − 2)−m(m− 1))ρ
m(n− 1)(n − 2)
(g ⊙ g)(X,Y,Z,∇f).
Using the fact that P = Ric− ρg we have
(divR)(X,Y,Z)
= W (X,Y,Z,∇f)
+
1
n− 2
(Ric(X,∇f)g(Y,Z) − Ric(Y,∇f)g(X,Z))
+
m+ n− 2
m(n− 2)
(Ric(Y,Z)g(X,∇f) − Ric(X,Z)g(Y,∇f))
−
(n− 1)(m+ n− 2)λ−m(m− 1)ρ
m(n− 1)(n − 2)
(g(X,∇f)g(Y,Z) − g(Y,∇f)g(X,Z)) .
From the formula (2.6) of Ric(∇f) we have
(divR)(X,Y,Z,∇f) −W (X,Y,Z,∇f)
= −
m
2(n− 2)
((∇Xρ)g(Y,Z) − (∇Y ρ)g(X,Z))
+
m+ n− 2
m(n− 2)
(Ric(Y,Z)g(X,∇f) − Ric(X,Z)g(Y,∇f))
−
m+ n− 2
m(n− 1)(n− 2)
((n− 1)λ−mρ) (g(X,∇f)g(Y,Z) − g(Y,∇f)g(X,Z))
From the defining equation (2.2) of the Cotton tensor C and scal = (n− 1)λ− (m− 1)ρ we have
C(X,Y,Z) = (divR)(X,Y,Z) +
m− 1
2(n − 1)
((∇Xρ)g(Y,Z) − (∇Y ρ)g(X,Z))
BACH FLAT WARPED PRODUCT EINSTEIN MANIFOLDS 7
and then
m
m+ n− 2
(C(X,Y,Z)−W (X,Y,Z,∇f))
= −
m
2(n− 1)(n − 2)
((∇Xρ)g(Y,Z) − (∇Y ρ)g(X,Z))
+
1
n− 2
(Ric(Y,Z)g(X,∇f)− Ric(X,Z)g(Y,∇f))
−
(n− 1)λ−mρ
(n− 1)(n − 2)
(g(X,∇f)g(Y,Z) − g(Y,∇f)g(X,Z))
which is exactly equal to D(X,Y,Z) by the formula of Ric(∇f). 
On gradient Ricci solitons, one amazing fact of D tensor is that its norm is linked to the geometry
of the level set of the potential function f , see [CaCh1, (4.5)] and [Lemma 3.2][CaCh2]. We have
the following extension to warped product Einstein manifolds.
Lemma 3.3. Suppose (Mn, g, f) be a (λ, n +m)-Einstein manifold. Let Σn−1 be a level set of f
with ∇f(p) 6= 0 and let hab(a, b = 2, . . . , n) and H = (n− 1)σ be its second fundamental form and
mean curvature respectively. Then we have
(3.2) |D|2 =
2|∇f |4
(n − 2)2
n∑
a,b=2
|hab − σgab|
2 +
m2
2(n − 1)(n − 2)(m − 1)2
∣∣∇Σscal∣∣2 ,
where
∣∣∇Σscal∣∣2 = |∇scal|2 − (∇scal · ∇f|∇f |
)2
.
Proof. Let {ei}
n
i=1 be an orthonormal frame with e1 =
∇f
|∇f | at the point ∇f 6= 0. The second
fundamental form hab and the mean curvature H of the level hypersurface Σ are given by
hab = g
(
∇ea
∇f
|∇f |
, eb
)
=
1
|∇f |
∇ea∇ebf
=
1
|∇f |
(λgab − Ric(ea, eb))
H =
1
|∇f |
((n− 1)λ− scal + Ric(e1, e1)) .
So we have
n∑
a,b=2
|hab|
2 =
1
|∇f |2
n∑
a,b=2
|λgab − Ric(ea, eb)|
2
=
1
|∇f |2

(n− 1)λ2 − 2λ(scal − Ric(e1, e1)) +
n∑
a,b=2
|Ric(ea, eb)|
2

 ,
H2 =
1
|∇f |2
(
(n− 1)2λ2 − 2(n− 1)λ(scal − Ric(e1, e1) + (scal− Ric(e1, e1))
2)
)
.
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From Ric(∇f) = ρ∇f − m
2
∇ρ it follows that
R11 = Ric(e1, e1) = ρ−
m
2|∇f |2
∇ρ · ∇f,
R1a = Ric(e1, ea) = −
m
2|∇f |
∇aρ.
So we have
n∑
a,b=2
|hab − σgab|
2 =
1
|∇f |2
|Ric|2 −
2
|∇f |2
n∑
a=2
R21a −
1
|∇f |2
R211 −
1
(n− 1)|∇f |2
(scal−R11)
2,
where
−
2
|∇f |2
n∑
a=2
R21a = −
m2
2|∇f |4
|∇ρ|2 +
m2
2|∇f |6
(∇ρ · ∇f)2,
−
1
|∇f |2
R211 = −
1
|∇f |2
ρ2 +
mρ
|∇f |4
∇ρ · ∇f −
m2
4|∇f |6
(∇ρ · ∇f)2,
scal−R11 = (n− 1)λ−mρ+
m
2|∇f |2
∇ρ · ∇f,
−
1
(n− 1)|∇f |2
(scal−R11)
2 = −
(n− 1)λ2
|∇f |2
−
m2ρ2
(n− 1)|∇f |2
+
2mλρ
|∇f |2
,
−
m2
4(n− 1)|∇f |6
(∇ρ · ∇f)2 +
m(mρ− (n− 1)λ)
(n− 1)|∇f |4
∇ρ · ∇f.
Adding them together yields
n∑
a,b=2
|hab − σgab|
2 =
1
|∇f |2
|Ric|2 −
m2
2|∇f |4
|∇ρ|2
+
m2(n− 2)
4(n− 1)|∇f |6
(∇ρ · ∇f)2 +
m((m+ n− 1)ρ− (n− 1)λ)
(n− 1)|∇f |4
∇ρ · ∇f
−
m2 + n− 1
(n− 1)|∇f |2
ρ2 +
2m
|∇f |2
λρ−
n− 1
|∇f |2
λ2.
Let Dijk = D(ei, ej , ek), then we have
Dijk = b1 (∇iρδjk −∇jρδik) + b2 (∇ifRjk −∇jfRik) + b3 (∇ifδjk −∇jfδik)
where ∇i = ∇ei and
b1 = −
m
2(n− 1)(n − 2)
, b2 =
1
n− 2
, b3 = −
(n− 1)λ−mρ
(n− 1)(n − 2)
.
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So we have
|D|2 =
n∑
i,j,k=1
D2ijk
= b21(2(n − 1)|∇ρ|
2) + b22
(
2|∇f |2 |Ric|2 − 2Ric2(∇f,∇f)
)
+ b23
(
2(n − 1)|∇f |2
)
+2b1b2 (2scal∇ρ · ∇f − 2Ric(∇f,∇ρ)) + 2b1b3 (2(n − 1)∇ρ · ∇f)
+2b2b3
(
2|∇f |2scal− 2Ric(∇f,∇f)
)
=
1
2(n − 1)(n − 2)2
(
4(n − 1)|∇f |2 |Ric|2 −m2n|∇ρ|2
)
+
4m ((m+ n− 1)ρ− (n− 1)λ)
2(n − 1)(n − 2)2
(∇ρ · ∇f)−
4
(
((n − 1)λ−mρ)2 + (n− 1)ρ2
)
2(n − 1)(n− 2)2
|∇f |2.
A straightforward computation shows that
|D|2 =
2|∇f |4
(n− 2)2
n∑
a,b=2
|hab − σgab|
2 +
m2
2(n− 1)(n − 2)
∣∣∇Σρ∣∣2 .
Substituting the function ρ by scal gives us the desired identity in this lemma. 
Similarly the vanishing of D tensor implies many nice properties about the geometry of the
warped product Einstein manifold (Mn, g, f) and the level sets of f .
Proposition 3.4. Suppose (Mn, g, f)(n ≥ 3) is a (λ, n +m)-Einstein manifold with m 6= 1 and
D = 0. Let c be a regular value of f and Σ = {x ∈M |f(x) = c} be the level hypersurface of f .
Then we have
(1) both the scalar curvature and |∇f |2 are constant on Σ;
(2) on Σ, the Ricci tensor either has either a unique eigenvalue or, two distinct eigenvalues
with multiplicity 1 and n− 1, moreover the eigenvalue with multiplicity 1 is in the direction
of ∇f ;
(3) the second fundamental form hab of Σ is of the form hab =
H
n−1gab;
(4) the mean curvature H is constant on Σ;
(5) R(∇f,X, Y, Z) = 0 for any vectors X,Y,Z tangent to Σ.
Proof. It follows the argument in the proof of [CaCh2, Proposition 3.1] by using Lemma 3.3. 
Remark 3.5. If a (λ, n + m)-Einstein manifold with m 6= 2 − n has harmonic Weyl tensor and
W (∇f, ·, ·, ·), then the D tensor vanishes by Lemma 3.1. So Proposition 3.4 offers an alternative
proof of Theorem 7.9 in [HPW1] which is the main step for the global classification in Theorem
7.10.
4. The proof of Theorem 1.1 and Theorem 1.2
In this section we first prove Theorem 1.2, i.e., a compact Bach flat (λ, n+m)-Einstein manifold
with m 6= 0, 1 or 2− n has harmonic Weyl tensor and W (X,Y,Z,∇f) = 0 for any X,Y,Z ∈ TM .
Then Theorem 1.1 follows by using Theorem 7.9 in [HPW1].
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Proof of Theorem 1.2. We follow the argument in [CaCh2]. Fix a point p ∈ M and assume that
{Ei}
n
i=1 is an orthonormal frame with ∇Ei(p) = 0. Using equation (2.3), equation (2.4) of Bach
tensor and Lemma 3.1, a direct computation shows that for any X,Y ∈ TM we have
(n− 2)B(X,Y ) =
∑
i
(∇EiC)(Ei,X, Y ) +
∑
i,j
Ric(Ei, Ej)W (X,Ei, Ej , Y )
= (∇EiW )(Ei,X, Y,∇f) +W (Ei,X, Y,∇Ei∇f)
+
m+ n− 2
m
(∇EiD)(Ei,X, Y ) + Ric(Ei, Ej)W (X,Ei, Ej , Y )
= (divW )(∇f, Y,X) +
m+ n− 2
m
(∇EiD)(Ei,X, Y )
+W (X,Ei, Ej , Y ) (Ric(Ei, Ej) + Hessf(Ei, Ej))
=
n− 3
n− 2
C(∇f, Y,X) +
m+ n− 2
m
(∇EiD)(Ei,X, Y )
+W (X,Ei, Ej , Y )
(
1
m
g(∇f,Ei)g(∇f,Ej) + λg(Ei, Ej)
)
=
n− 3
n− 2
C(∇f, Y,X) +
m+ n− 2
m
(∇EiD)(Ei,X, Y )
+
1
m
W (∇f,X, Y,∇f).
Letting X = Y = ∇f and integrating on M yield
m(n− 2)
m+ n− 2
∫
M
B(∇f,∇f)dvol =
∫
M
∑
i
(∇EiD)(Ei,∇f,∇f)dvol
= −
∫
M
∑
i
D(Ei,∇f,∇Ei∇f)dvol.(4.1)
For the integrand using the fact that D tensor is trace free for any two indices, we have
−
∑
i
D(Ei,∇f,∇Ei∇f) =
∑
i,j
D(Ei,∇f,Ej)
(
Ric(Ei, Ej)−
1
m
g(Ei,∇f)g(Ej ,∇f)− λg(Ei, Ej)
)
=
∑
i,j,k
D(Ei, Ek, Ej)Ric(Ei, Ej)g(Ek,∇f)
=
1
2
∑
i,j,k
D(Ei, Ek, Ej) (Ric(Ei, Ej)g(Ek ,∇f)−Ric(Ek, Ej)g(Ei,∇f))
= −
1
2
∑
i,j,k
|D(Ei, Ej , Ek)|
2 .
It follows that
(4.2)
m(n− 2)
m+ n− 2
∫
M
B(∇f,∇f)dvol = −
1
2
∫
M
|D|2 dvol.
So vanishing Bach tensor implies that D tensor vanishes on M .
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From equation (3.1) we have C(X,Y,Z) = W (X,Y,Z,∇f). We show that both are zero on
the regular points of f and then on M since f is an analytic function, see [HPW1, Proposition
2.8]. At a regular point of f we choose E1 =
∇f
|∇f | and let Cijk = C(Ei, Ej , Ek). By the symmetry
of Weyl tensor we have Cij1 = 0. Let a, b, c ≥ 2 be integers. From Proposition 3.4 we have
Ric(E1, Ea) = 0, R(E1, Ea, Eb, Ec) = 0 and thus W (Ea, Eb, Ec, E1) = R(Ea, Eb, Ec, E1) = 0. So
we have Cabc = W (Ea, Eb, Ec,∇f) = 0. It remains to show C1ij = 0 for any i, j = 1, . . . , n. Since
D = 0, Bach flatness implies that
0 = (n − 2)B(Ei, Ej) =
n− 3
n− 2
C1ij |∇f |+
1
m
W (E1, Ei, Ej ,∇f) |∇f |
=
n− 3
n− 2
C1ij |∇f |+
1
m
C1ij |∇f | .
It follows that we have C1ij = 0 if m 6= −
n−2
n−3 . When n = 4, −
n−2
n−3 = −2 which is excluded in
the theorem. When n ≥ 5, an extension of Proposition 5.1 in [CaCh2] shows that C1ij = 0 for all
m 6= 0, 1 or 2− n. 
Proof of Theorem 1.1. From Theorem 1.2 we know that (M4, g, f) has harmonic Weyl tensor and
W (∇f,X, Y, Z) = 0 for any X,Y,Z ∈ TM . We assume that M is not Einstein. At a regular point
p of f we assume that the Ricci tensor has distinct eigenvalues. The complement of such points can
not contain an open set as g and f are analytic in the harmonic coordinate, see [HPW1, Proposition
2.8]. So it is enough to show that the metric g is locally conformal flat around p. Theorem 7.9 in
[HPW1] says that the metric is locally a warped product over an interval, i.e., g = dt2 + ψ(t)2gL
where (L3, gL) is an Einstein metric and thus has constant curvature. A computation shows that
such metric has vanishing Weyl tensors, i.e., it is locally conformally flat.
An alternative approach is to use the symmetries of Weyl tensors to show that they are zeros as
in the proof of Theorem 1.1 in [CaCh2]. 
Remark 4.1. In [HPW1] the authors considered warped product Einstein manifold with non-empty
boundary. Let w = exp(− fm) in the interior of M and w = 0 on the boundary ∂M . Both Theorem
1.1 and Theorem 1.2 can also be extended to case whenM has non-empty boundary. For any small
ǫ > 0 we define Mǫ = {x ∈M : w(x) ≥ ǫ} and we only have to show that D = 0 on Mǫ. Then
taking the limit ǫ → 0 implies that D = 0 on M . In fact the boundary term of the integral (4.1)
vanishes: ∫
∂Mǫ
D(ν,∇f,∇f)dvol = 0
since the unit normal vector ν of ∂Mǫ is parallel to ∇f . So the integral equation (4.2) holds on Mǫ
and then D = 0 on Mǫ.
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